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Figure 1.4. The five two-dimensional Bravais lattices. Note that the centered rectangular
lattice can be built by repetition of the structure in the hollow box, which shows how it
obtains its name. The figure also shows Wigner—Seitz cells for each lattice. One constructs
them by choosing some point 0 in the lattice and then drawing the perpendicular bisec-
tor of the line between 0 and each of its neighbors. The Wigner-Seitz cell is the region
surrounding 0 contained within all these perpendicular bisectors.
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a) Rotation

n-fold Rotational Symmetry

NI
At 2 f Hold

ali
(5 3
4fold
G

4-fold (90°) 2-fold ( 180°)

b) inversion XY, 2) ==

Canter of
inversion

) Reflection

(%Y, 2) == (X, ¥, -2)

Original object

3-fold ( 120°)

(X, -y, -2)
6
4
§
2
1
y plane
1
1 P Reflected object
>le

1-fold

0 or 360°

The distance from the mirror plane

m to every point of the

object remains the same after reflection symmetry operation.

e) Rotation- inversion

Rotation-Inversion example:
1 to 2 rotation by 90° about
the axis shown

2 to 3 inversion about the
center of the cube

2-fold

. ; . .
- L
A I A .

w C -

1 1 . 1 1]
- A =
E 1 ;3
;Y F
e y
. . p .

. ’ .

3-fold

180° 120°
1
=
‘w\‘ j-’
. 4
- " [~
-t Sy
1\\“51”}:)\”_
A T~ Inversion center:
- T
A “« S
-
3 % Tto2
g ¥ <y

4-fold

" 4 "
. . . A
- A
- *
B ¢ 1
b e '
o L}
. 0
‘. L .
4 . e p
o ’

6-fold

60°

d) Rotation-reflection (Improper rotation)

Rotation-reflection
example in a cube:

1 to 2 rotation by 180°
about the axis shown

2 to 3 reflection about
the plane shown



Glide Planes

1- reflect through the glide plane (just like a mirror)

2- translate parallel to the glide plane

Screw axes:
21
d
—_
a
= Screw Axis n swherem<n

—— rotation by an angle o of 360°/n

— N = order of the axis =360°/ n

— translation of m/n of the whole unit cell

parallel to the screw axis

Example:

Screw axis nm , where m<n
3, screw axis (n=3, m=2) means

rotation by 360/3 = 120 deg,
and translation of m/n = 2/3 of

the whole unit cell parallel to the
SCrew axes

ghide plane

C axis

2
AN

-

in crystals

A 24 screw axis in the ¢
direction. A rotation of
180 followed by a
translation of ¢/2
along the c axis.

sCrew axes . Z

z

- .
t =translation element=m/n
o

= rotation angle

the possible screw axes are 24, 34, 44, 42, 61, 62, 32, 43, 64, 65



Matrix Representations of Symmetry operations:

The Identity: A point (x,y,z) does not change under this operation. Therefore, the
identity operation is represented by a unit matrix.

1 0 0 1 0 0\ X
I={o 10 010(y>=<y>
0 0 1 0 0 1/\z z
Rotation: counterclockwise: (to obtain matrices of clockwise rotation just replace 6 by -6
- totaticn around z
z 1 0 0 c

puon s R.(0) = (0 cosf —sin 0) 7y T didtin

0 sinf cos6 (%02

Rotation around z axis by 180°

cosf 0 sin@
Ry(0)=< 0o 1 o0 ) 1 0 o0\ /& —x
0 0 1/ z

Rotation around —sinf@ 0 sin@

the y-axs

cosf@ —sinf 0
Rotation around .
e xais R,() =|sinf cosf® O
0 0 1
for any rotational matrix Tr (R)= -1 and det (R)= +1
Inversion:

This operation results simply the change of signs of all the coordinates. Clearly we need a
negative unit matrix to represent inversion operation.

-1 0 0 X -X '\ ,
0 -1 0 (y) :(—y) e (x,y,2) = (X, Y, -2) Sy

0 0 -1/'\z —Z

“9 Inversion center:

y b 1to2

r~o

Reflection: z

1 0 0 F z
for any reflection matrix Tr (R)= +1 and det (R)=-1
—1 0 ] == -y
0 0 1 z z
Oxz
x
A reflection through the zz plane
Rotation-reflection

Ration:abouf 1 0 O 0 -1 0 0o -1 0
otation about z-
g o Oy R,(m/2)=10 1 0 1 0 0)=(1 O 0
axis by 90° followed 00 -1/\0o o 1 0 0 -1

by reflection about

Xy plane
0o -1 o0 X =
1 0 0 (y) = ( x) for example point 1 (1,-1,1) goes to point 3 (1,1,-1)

0o 0 -1

-1 0 0 0 -1 0 0 1 0

Inversion x R,(m/2)={ 0 -1 o ][1 o o)J=|-1 0 o

Rotation-Inversion example: 0 0 -1/\0 0 1 0 0 -1
1 to 2 rotation by 90° about

the axis shown (_(1) é g ) <;) _ (_yx) x goes to y, y goes to -x, and z goes to -

2 to 3 inversion about the 0 0 -1/ 'z =4

center of the cube

for example point 1 (1,-1,1) goes to point 3 (-1,-1,-1)
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